1 Preliminaries

Let N be the set of non-negative natural numbers. A smooth map is a map of class C'*.

Definition 1.1 (Chart). Let (X,7) be a topological space and n € N. An n-dimensional chart
on (X,T) is a pair (U, p), where U € T and ¢ is a homeomorphism such that ¢[U] C R™ is open.

Definition 1.2 (Locally Euclidean). A topological space (X, T) is said to be locally Euclidean if
there exists some n € N such that for all x € X there exists an n-dimensional chart (U, ¢,) with
x € U. The pair (U, ;) is called a chart at x € X. If (Uy, 1) and (Us, p2) are two n-dimensional
charts on (X, 7)) such that U; N Us # (), then

©1 O(p2_1 : (pg[Ul n UQ] — 901[U1 n UQ] and ©2 O(pl_l : (pl[Ul n UQ] — (pg[Ul n UQ]
are homeomorphisms between open subsets of R”, called the overlap functions.

Definition 1.3 (Topological manifold). A topological space (X,7) is a topological manifold if
(X, T) is Hausdorff, locally Euclidean and second countable.

Definition 1.4 (Atlas). Let (X,7) be a topological manifold. An n-dimensional atlas on (X,T)
is a collection A = {(Uq, ¥a) tacr of n-dimensional charts on (X, T), for some indexing set I, such
that

Vg O cpgl :0a(Ua NUB) — 90a(Ua NUg) and @ oot : 00U NUs) — 0p(Us NUg)

are diffeomorphisms for all , 8 € I, and |J,c; Ua = X. A chart (U,¢) on (X,T) is said to be
admissible to A if

po gagl coa(UNU,) — o(UNU,) and ¢4 op~l: e(UNU,) — o (UNU,)

are diffeomorphisms for all @ € I, and A is said to be mazimal if for every admissible chart
(U, @) there exists some « € I such that U = U, and ¢ = ¢,. A maximal n-dimensional atlas
Amax = {(Va, ¥a) }aer on (X, T) is called a differentiable structure on (X, T)

Definition 1.5 (Differentiable manifold). A differentiable manifold is a triple (X, T,.A), where
(X,T) is a topological manifold and A is a differentiable structure on (X, 7).

Definition 1.6 (Topological group). A group (G, ) is a topological group if G is also a Hausdorff
space and the maps

MthXG—>G
(91,92) = g1 - 92

(1)
and
Invg : G — G
. (2)
g—>4g
are continuous.

Definition 1.7 (Lie group). A group (G,-) is a Lie group if G is also a differentiable manifold
and Mg and Invg are smooth.

Definition 1.8 (Tangent space). Let (X,7) be a differentiable manifold and € X. A tangent
vector to X at x is a map v € (C°°(X))* for which the Leibniz Product Rule holds, i.e.

v(fg) = f(p)v(g) + v(f)g(p) (3)

for all f,g € C*(X). The set T, X := {v € (C>*(X))* : v is a tangent vector to X at z} is called
the tangent space to X at x, and has a natural vector space structure where the operations are
defined as

(v+w)(f) =v(f)+w(g) and (av)(f) = av(f) (4)

for all @ € R and for all f,g € C*°(X).



